ABSTRACT. Let X be a compact complex non-Kähler manifold and f a dominant meromorphic self-map of X. Examples of such maps are self-maps of Hopf manifolds, CalabiEckmann manifolds, non-tori nilmanifolds and their blowups. We prove that if f has a dominant topological degree, then f possesses an equilibrium measure µ satisfying wellknown properties as in the Kähler case. The key ingredients are the notion of weakly d.s.h. functions substituting d.s.h. functions in the Kähler case and the use of suitable test functions in Sobolev spaces. A large enough class of holomorphic self-maps with dominant topological degree on Hopf manifolds is also given.
INTRODUCTION
Let X be a compact complex manifold of dimension k. Let f be a dominant meromorphic self-map of X. Let ω be a strictly positive Hermitian (1, 1)-form on X. For 0 ≤ q ≤ k, put
We will write d q for d q (f ) if no confusion arises. We can see easily that d q is independent of the choice of ω. The number d 0 is always 1 and d k is the topological degree of f. When f is holomorphic, d q is finite because the differential of f is of L ∞ -norm uniformly bounded on X. We call d q the q th dynamical degree of f for 0 ≤ q ≤ k. When X is Kähler, the numbers d q are crucial finite bi-meromorphic invariants of f ; see [13, 17, 11] . We don't know whether d q for 1 ≤ q ≤ k − 1 is finite for general X. In what follows, we will study the dynamics of f with d k (f ) > d k−1 (f ). In the Kähler case, such a map is said to have a dominant topological degree and its dynamics has been thoroughly investigated, see [18] and references therein for information. We emphasize that in our context, it is not clear whether the assumption d k > d k−1 implies d k > d q for 1 ≤ q ≤ k −1 as in the Kähler case.
A quasi-p.s.h. function on X is a function from X to [−∞, ∞) which is locally the sum of a plurisubharmonic function and a smooth one. For a given continuous (1, 1)-form η, denote by PSH 0 (η) the set of quasi-p.s.h. functions ϕ such that dd c ϕ + η ≥ 0 and sup X ϕ = 0. Equip PSH 0 (η) with the induced distance from L 1 (X) by using the natural inclusion PSH 0 (η) ⊂ L 1 (X).
Recall from [15] that a complex measure µ on X is said to be PC if every quasip.s.h. function is µ-integrable and for every sequence (ϕ n ) n∈N of quasi-p.s.h. functions converging to ϕ in L 1 such that dd c ϕ n + η ≥ 0 for some smooth form η independent of n, we have µ, ϕ n → µ, ϕ .
A pluripolar set in X is a subset of X contained in {ϕ = −∞} for some quasi-p.s.h. function ϕ. By [39] , every locally pluripolar set in X is pluripolar. This result implies in particular that there exist abundantly singular quasi-p.s.h. functions on X. Observe that every PC measure has no mass on pluripolar sets. Here is our first main result. The above measure µ f is called the equilibrium measure of f. We emphasize that unlike the Kähler case, it is not clear to us whether the entropy of µ f is equal to log d k . The Hölder continuity of µ f on PSH 0 (ω) for f holomorphic implies that µ f is moderate in the sense that there exist constants ǫ, M > 0 such that for every ϕ ∈ PSH 0 (ω), we have X e −ǫϕ dµ f ≤ M, see [8] for a proof. A large class of holomorphic endomorphisms of Hopf manifolds having dominant topological degree is given in Lemma 4.1 in Section 4 and the comment following it. The existence of µ f is proved by Fornaess-Sibony and Russakovskii-Shiffman [36, 22, 21, 35] for X = P k , Guedj [27] for X projective and he also shows that quasi-p.s.h. functions are µ f -integrable, see also [10] for the case of polynomial-like maps. The stronger fact that for X Kähler, µ f is PC is proved by Dinh-Sibony [15] by using a key property that the space of d.s.h. functions (differences of two quasi-p.s.h. functions) is preserved by meromorphic maps. However, it seems that this property no longer holds in non-Kähler case. We refer to [18, 4, 31, 23] and references therein for more information on the Kähler case.
In order to prove that µ f is PC in Theorem 1. 
In the above statement, only the decay of correlation requires new arguments. The K-mixing property and the central limit theorem are deduced by using similar arguments from [14, 18] . Due to the same reason with the pull-back of d.s.h. functions presented above, the arguments in [15] couldn't be applied directly to obtain the expected decay of correlation. Our approach is based on ideas from [14] : use a suitable class of functions in the Sobolev space W 1,2 as test functions. The above results for meromorphic maps still hold for meromorphic correspondences. But in order to keep the presentation as simple as possible, we don't elaborate it here. In the next section, we prove Theorem 1.1. A proof of Theorem 1.2 is given in Section 3. Examples of dynamical systems on non-Kähler manifolds are given in Section 4.
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MAPS WITH DOMINANT TOPOLOGICAL DEGREES
In this section, we study meromorphic self-maps of a k-dimensional compact complex manifold having a dominant topological degree. For every analytic subset V of a complex manifold X, we denote by [V ] , {V } the current of integration along V and its cohomology class respectively. The following result is crucial for us later. 
Note that if W ′ is a local chart of X biholomorphic to a star-shaped open subset of C k , then by the homotopy formula, there always exists a current Q of order 0 for which R = dQ on W ′ , see for example [6, Th. 2.24] . In this context, for every sequence of d-exact currents S n of uniformly bounded mass converging to S on W ′ we can find currents Q n of uniformly bounded mass on any fixed open set W ′′ ⋐ W ′ with R n = dQ n and Q n → Q on W ′′ . We will use Lemma 2.1 for the case where X = P k and R is an (1, 1)-current.
Proof. We follow the usual construction of dd c -kernel as in [9, 19, 12, 3] . The new problem is that R is only defined on an open subset of X. Let σ : X × X → X × X be the blowup of X × X along the diagonal ∆. Put ∆ := σ −1 (∆). By [3] , there exists a closed (k−1, k−1)-form η on X × X for which σ * ( η∧[ ∆]) = [∆] and η ∧[ ∆] belongs the cohomology class σ * {∆}, where {∆} denotes the cohomology class of ∆. By Künneth's theorem, {∆} can be represented by a sum of forms π * 1 φ 1 ∧ π * 2 φ 2 where φ 1 , φ 2 are closed forms on X. Let γ be such a representative of {∆}.
Write [ ∆] =β + dd c u, where u is a quasi-p.s.h. function on X × X. This equation implies that u is smooth outside ∆ and u − log dist(·, ∆) is a bounded function near ∆. Sinceβ ∧ η is cohomologous to σ * γ, there is a real smooth formβ
Denote by π 1 , π 2 the natural projections from X × X to the first and second components respectively. Let Π j := π j • σ for j = 1, 2. Let χ be a smooth function on
is of order 0 and equal to R on W, without loss of generality, we can assume that R = d(τ Q) which is supported on W ′ . This is the only place where we need the hypothesis on Q.
By using suitable local coordinates near ∆, we can check thatûΠ * 2 R is a well-defined current and for every sequence R n converging weakly to R we haveûΠ * 2 R n →ûΠ * 2 R, see [38, Le. 3.2] for similar computations. This allows us to define 
The first term in the right-hand side of the last equality is equal to R on
The second term is zero on W ′ by using Fubini's theorem, the special form of γ and the fact that R is d-exact. Consequently, dd c U R = R on W ′ if R is smooth. In general, one only needs to regularize R by using de Rham's regularisation theorem to obtain that dd c U R = R on W ′ for every R. As above we can suppose that R n = d(τ Q n ) and R = d(τ Q). By writing down explicitly the kernel defining U R locally on X × X, we see that
for some bounded measurable form 
which is a continuous form. As ǫ → 0, we have
because the mass of R n is uniformly bounded. On the other hand,
converges uniformly to 0 as ǫ fixed because K ǫ is continuous. We deduce that Clearly, every quasi-p.s.h is weakly d.s.h.. A subset of X is a pluripolar set if it is contained in {ϕ = −∞} for some quasi-p.s.h. function ϕ. If X is compact, every locally pluripolar set is pluripolar by [39] . In our proofs, we only use a particular case of this result that every proper analytic subset of a compact manifold X is pluripolar, see Lemma 2.8 below.
Consider now X is compact. Let µ 0 be a smooth probability measure on X. We use this measure to define L p norms on X. For ϕ ∈ W , put
where · X is the mass of a current on X. We will write from now on · instead of · X if no confusion arises. The function · W is a norm on W because if dd c ϕ = 0 then ϕ must be a constant. The norm · W is similar to the norm of the space of d.s.h. functions on the Kähler case introduced by Dinh-Sibony [15] . However, we don't know if these two norms are equivalent in this case. As in the Kähler case, we introduce the topology on W as follows: we say that ϕ n ∈ W converges to ϕ ∈ W as n → ∞ if ϕ n → ϕ as currents and ϕ n W is uniformly bounded. We have the following crucial compactness result.
Lemma 2.3. Let X be a compact complex manifold. There exists a constant c so that for every weakly d.s.h. function ϕ on X with
Consequently, given a positive constant A, the set W 0 of weakly quasi-p.s.h. functions ϕ with 
open covering of X where W j are local charts of X biholomorphic to the unit ball of
Hence, ϕ − τ j can be represented by a pluriharmonic function on W j . For simplicity, we identify this function with (ϕ − τ j ). We deduce that ϕ ∈ L 1+1/k (X). We now suppose on the contrary that (2.4) does't hold, that means that there exists a sequence of non identically zero weakly quasi-p.s.h. functions ϕ n with X ϕ n dµ 0 = 0 and
By multiplying ϕ n by a positive constant and the L 1+1/k -integrability of ϕ n , we can assume that
Note that we still have X ϕ n dµ 0 = 0. Let τ n j be the function τ j for ϕ n in place of ϕ. Put T n := dd c ϕ n . These currents of order 0 are of uniformly bounded mass and converges to 0 by (2.7). Lemma 2.1 and the remark after it tell us that τ
is still a covering of X. For simplicity, we can assume that W ′ j = W j for every j. Recall now that ϕ n − τ n j is pluriharmonic on W j . The last function is of L 1+1/k -norm bounded on W j because of (2.5) and (2.6). The mean equality for pluriharmonic functions implies that (ϕ n − τ n j ) is of C l -norm uniformly bounded on compact subsets of W j in n ∈ N for every l ∈ N. We deduce that by extracting a subsequence, we can suppose that ϕ n − τ n j converging uniformly to a pluriharmonic function τ ∞ j on compact subsets of
This yields that function τ ∞ := τ ∞ j on W j for every j is a well-defined pluriharmonic function on X. Since X is compact, τ ∞ is a constant. This combined with X ϕ n dµ 0 = 0
In order to prove the second desired assertion, we use again the function τ j above. We have ϕ − τ j is pluriharmonic on W j and by (2.4), the L 1+1/k -norm of ϕ is also A. Thus, the L 1+1/k -norm of the pluriharmonic function (ϕ − τ j ) is A. It follows that its C l -norm is A as well. Hence, we can extract a convergent subsequence of (ϕ − τ j ) for ϕ ∈ W in C l . This combined with the L 1+1/k continuity of τ j in T implies the desired assertion. The proof is finished.
Notice that the proof of Lemma 2.3 also tells us that if a (0, 0)-current ϕ ′ in an arbitrary
. We equip the vector space B of Borel measurable functions on X with the pointwise convergence topology: h n → h if h n converges pointwise to h almost everywhere (with respect to Lebesgue's measure). Let P be a continuous linear endomorphism of the last vector space. Define W P to be the set of ϕ ∈ W for which P ϕ ∈ W .
Lemma 2.4. There exists a constant c such that
Proof. The inequality (2.9) is a direct consequence of (2.8) and Lemma 2.3. Now suppose that there is a sequence (ϕ n ) ⊂ W P for which
Applying the compactness property in Lemma 2.3 to the sequence (P ϕ n ) n∈N , we see that by extracting a subsequence of ϕ n if necessary, the sequence P ϕ n converges in
Since the convergence in L 1 implies the almost everywhere convergence of a subsequence, we can suppose also that P ϕ n converges almost everywhere to ϕ ′ ∞ . On the other hand, the inequality of (2.10) allows us to use the compactness property in Lemma 2.3 again for (ϕ n ). Hence, we can extract a subsequence of (ϕ n ) converging to ϕ ∞ := 0 in L 1+1/k and almost everywhere. Thus P ϕ n converges almost everywhere to P ϕ ∞ because of the continuity of P. It follows that ϕ ′ ∞ = P ϕ ∞ = 0, note here P (0) = 0 by the linearity of P. This is a contraction because of (2.11). Thus (2.8) follows. The last desired assertion follows directly from above arguments. The proof is finished.
Let a ∈ C * , r a constant in (0, |a|) and δ > 0 a constant. Assume that P (1) = a, where 1 is the constant function equal to 1 on X. Define W ∞ P,r,δ to be the set of all ϕ ∈ B such that P n ϕ ∈ W for every n ≥ 0 and dd c (P n ϕ) ≤ δr n for every n ≥ 0, here P 0 denote the identity map. By the linearity of P, every constant function belongs to W ∞ P,r,δ . We equip W ∞ P,r,δ with the induced topology from that on W .
for every positive integer m. Hence W ∞ P,r,δ ∩ W 0 is compact and P m (W ∞ P,r,δ ) is contained in the complex vector subspaceW ∞ P,r,δ of W generated by W ∞ P,r,δ . Proposition 2.5. There exists a continuous linear functional µ P :W ∞ P,r,δ → C such that for every complex measure ν with L k+1 density on X, ν(X) = 1 and for every ϕ ∈W P,r,δ , we have
Here for Q : B → B, by definition, Q * ν, ϕ := ν, Qϕ for ϕ ∈ B such that Qϕ is ν-integrable.
Proof. Recall that µ 0 is a smooth probability volume form on X. We only need to construct µ P on W ∞ P,r,δ and prove (2.12) for ϕ ∈ W ∞ P,r,δ . The extension of µ P toW ∞ P,r,δ is automatically done by using the linearity of (P n ) * ν and (2.12). Let ϕ ∈ W ∞ P,r,δ . Put b 0 := X ϕdµ 0 and ϕ 0 := ϕ − b 0 . We define two sequences ϕ n , b n as follows. Put
for some constant c independent of n, ϕ. It follows that
for n ≥ 1. Since P (1) = a we have P (b n ) = ab n for every n. Using this gives
n which converges to a number b ′ ∞ (depending on ϕ) by (2.13) and the fact that |a| > r. We deduce from (2.14) that
This combined with the first inequality of (2.13) implies that a −n P ϕ converges to b
Since ν(X) = 1, we get
Using this, (2.15) and Hölder's inequality implies that a −n (P n ) * ν, ϕ converges to b
which is independent of ν. We then obtain the desired convergence toward µ P .
Consider a sequenceφ m → ϕ in W ∞ P,r,δ . Letb nm ,φ nm be respectively the b n and ϕ n for ϕ m in place of ϕ. By the last assertion of Lemma 2.4,b nm → b n as m → ∞ for every n and (2.13) still holds forb nm ,φ nm in place of b n , ϕ n . We infer thatb
In other words, µ P is continuous. The proof is finished.
Let X be a compact complex manifold and f a meromorphic self-map on X. Denote by Γ the graph of f on X × X and π 1 , π 2 the restrictions to Γ of the natural projections from X × X to the first and second components respectively.
Let Φ be a form with measurable coefficients on X. We say that Φ
is a measurable form on Ω. Hence f * Φ is a measurable form on X independent of Ω. We can check that f * : B → B is continuous. Consequently, f * is an example of the map P considered above.
We
(Ω) for some Ω as above (hence for every such Ω). In this case, we can define f * Φ to be a current of order 0 induced by f * Φ| Ω on X by extending trivially through X\Ω. This definition is independent of the choice of Ω. Note that the pull-back by f of smooth functions or smooth forms is always in L 1 . The following is similar to results in [32, 16] . 
The inclusion (2.16) explains the crucial roles of W f * , W in our study.
Proof. Let σ : Γ ′ → Γ be a desingularisation of Γ. Let Ω be as above. Put π
we get the first desired assertion. By [2] and the fact that η > 0, there exists a decreasing sequence of smooth quasip.s.h functions ϕ n converging pointwise to ϕ locally such that dd c ϕ n + η ≥ 0 for every n. We can have a global convergence in the last sentence. But this is not necessary for our arguments. By Lebesgue's dominated convergence theorem, the sequence
It follows that the sequence of positive smooth forms dd
Thus, the last current is also positive. Now observe that 
Note that f * η has finite mass on X. We infer that f * ϕ ∈ W . In other words, ϕ ∈ W f * ∩W . Applying this to f n instead of f and using the formula that (f 
for every n ≥ 1.
Proof. By replacing η by a strictly positive smooth form dominating it, we can assume that η > 0. Let ω be a Gauduchon metric on X, that means that ω is a Hermitian metric and dd c ω k−1 = 0, see [24] . Let Γ n be the graph of f n and π 1,n , π 2,n the natural maps from Γ n to the first and second components of X × X. By Lemma 2.6, the current dd c (f n ) * ϕ + (f n ) * η is positive. Thus, using dd
This combined with the definition of
The desired inequality then follows immediately. The proof is finished.
We now come to the end of the proof of the first main result.
End of Proof of Theorem 1.1. Fix a positive constant ǫ for which
where c ǫ is the constant in Lemma 2.7. Let ϕ be a quasi-p.s.h. with dd c ϕ + η ≥ 0 for some continuous (1, 1)-form η > 0 so that η L ∞ ≤ 1. We have P (1) = a and ϕ ∈ W ∞ P,r,δ by Lemma 2.7. Every quasi-p.s.h. function is inW ∞ P,r,δ . Since ν has no mass on proper analytic subsets of X, observe that
because we only need to consider integrals on an open Zariski dense subset of X. Applying Proposition 2.5 to P , we obtain a continuous functional µ P onW
for every ϕ ∈W ∞ P,r,δ . By choosing ν ≥ 0, we see that µ P , ϕ ≥ 0 if ϕ ≥ 0. Let µ f be the probability measure on X defined by µ f , ϕ := µ P , ϕ for every smooth function ϕ. Recall here that smooth functions are quasi-p.s.h. on X. We will prove that µ f = µ P for every quasi-p.s.h. function ϕ.
Consider a sequence of smooth quasi-p.s.h. functions ϕ ′ n with dd c ϕ ′ n +η ≥ 0 decreasing to ϕ, we get µ f , ϕ ′ n = µ P , ϕ ′ n and µ f , ϕ ′ n → µ f , ϕ by Lebesgue's monotone convergence theorem. This combined with the continuity of µ P gives µ f , ϕ = µ P , ϕ . Thus we get
for every quasi-p.s.h. function ϕ on X.
Since quasi-p.s.h functions are µ f -integrable, µ f has no mass on pluripolar sets. By Lemma 2.8 below, proper analytic subsets of X are pluripolar. This implies that µ f has no mass on proper analytic subsets of X. We deduce that the pull-back f * µ f is welldefined. Here we only take the pull-back of µ f on an open Zariski subset Ω of X where π 2 is an unramified covering. One can check that this definition is independent of the choice of Ω and if (Φ n ) n∈N is a sequence of positive measures having no mass on proper analytic subsets of X and converging to µ f , then f * Φ n converges to f * µ f because the mass of f * Φ n converges to that of f * µ f , see for example [38, Le. 3.6] . The equality
is obtained by applying the pull-back f * to the convergence d
where ν is a smooth probability measure. Since we have f * f * = d k on Borel measurable functions, we get f * µ f = µ f , in other words, µ f is invariant by f .
Let I f be the indeterminancy set of f. Put Z := ∪ n∈Z f n (I f ). The measure µ f has no mass on Z. The entropy of µ f is by definition that of 1 X\Z µ f with respect to f | X\Z . By an inequality of Parry [33, 18] , using f * µ f = d k µ f , we deduce that the entropy of µ f is at least log d k .
Assume now f is holomorphic. To prove that µ f is Hölder continuous on PSH(ω), we use a known idea from [18] . Without loss of generality, we can assume that ω L ∞ ≤ 1. Let ϕ, ψ be two quasi-p.s.h. functions in PSH(ω). Recall that they are in W ∞ P,r,δ . Let b n (ϕ), b n (ψ) be as in the proof of Proposition 2.5. Let J f be the Jacobian of f. We have
Applying the last inequality for f n in place of f gives
Using (2.14) gives
Consider the case where
which implies that µ f is Hölder continuous in this case. It remains to treat the case
. We see that
Hence, µ f is also Hölder continuous in this case. This finishes the proof. Now we would like to say some words about Theorem 1.2. If one tries to mimic the arguments in the proof of [15, The. 1.3] to prove Theorem 1.2, we are led to estimating | µ f , |ϕ n | |. The measure µ f still satisfies the property that for every ω-p.s.h. function ϕ with sup X ϕ = 0 is of L 1 (µ f )-norm uniformly bounded, see [15, Pro. 2.3] . But unlike the Kähler case, we don't know whether ϕ n is the difference of two ω-p.s.h functions. So this explains why we cannot apply directly the approach in [15] to get a decay of correlation for µ f .
Lemma 2.8. Every proper analytic subset V of a compact complex manifold X is a pluripolar set on X.
Proof. We use here the idea in [15] where the authors prove the same result when X is Kähler. Suppose now that V is smooth and codim V ≥ 2 (since otherwise the problem is trivial). Let σ : X → X be the blowup of X along V. Denote by V the exceptional hypersurface.
Let ω be a positive definite Hermitian form on X. Let ω h be a Chern form of O(− V ) whose restriction to each fiber of V ≈ P(E) is strictly positive. By scaling ω if necessary, we can assume that ω := σ * ω + ω h > 0. Since σ * ω h = σ * ω − ω, the closed current σ * ω h is quasi-positive. Thus there exists a quasi-p.s.h. function ϕ on X such that
for some smooth closed form η. By multiplying ω h by a strictly positive constant, we have
| is a bounded function on X. As a consequence,
on compact subsets of X. Consequently, V is contained in {ϕ = −∞}. Hence V is pluripolar in this case.
By the above construction, we can construct a Hermitan metric on the blowup X of X along V as the sum of a pull-back of a Hermitian one on X and a suitable Chern form of O(− V ). Hence, if σ ′ : X ′ → X is a composition of blowups along smooth submanifolds, then there are a smooth closed (1, 1)-form η ′ on X ′ and a Hermitian metric ω on X such that ω ′ = σ ′ * ω + η ′ is a Hermitian metric on X ′ . Consider now the general situation where V is an analytic subset of X. Since a finite union of pluripolar sets is again pluripolar, it is enough to prove that the regular part RegV of V is a pluripolar set because we can write V as a finite union of the regular parts of suitable analytic subsets of X. By Hironaka's desingularisation, there is a composition σ ′ : X ′ → X of blowups along smooth submanifolds which don't intersect RegV (or its inverse images) such that the strict transform V ′ of V is smooth. Let ω ′ , ω, η be as above. By the above arguments,
which is a closed (1, 1)-current on X and S + ω ≥ 0. We can write
for some smooth closed forms η S , η. We have
Thus ϕ S , ψ are quasi-p.s.h. functions on X. Moreover, we also have
on an open neighborhood of RegV on which σ ′ is biholomorphic. Consequently, RegV ⊂ {ϕ ′ S = −∞}. This finishes the proof.
In this section, we prove Theorem 1.2. Our idea is to consider suitable test functions in the Sobolev space W 1,2 . This approach is inspired by [14] . Fix a smooth volume form µ 0 on X and we use this form to define the norm on the space L 2 (X). Let W 1,2 be the space of real-valued function ϕ ∈ L 2 (X) such that dϕ has L 2 coefficients. Recall the following Poincaré-Sobolev inequality: for ϕ ∈ W 1,2 with
for some constant c independent of ϕ, see for example [28, Pro. 3.9] or [20] . Observe that the term dϕ 2 L 2 is comparable with the mass of the positive current i∂ϕ ∧∂ϕ. We have the following lemma. 
The following is the central object in this section. 
If X is Kähler, W 1,2 * ,f coincides with the space W 1,2 * considered in [14] which is independent of f . In that context, the space W 1,2 * is studied in details in [37] and used in [7] for the study of correspondences on Riemann surfaces with two equal dynamical degrees. Let ǫ be a strictly positive constant such that d k−1 + ǫ < d k . We have the following observation. for some constant c ǫ independent of ϕ.
Proof. Let η be as in (3.2) . Let ω be a Hermitian metric on X with dd c ω k−1 = 0. By testing dd c (f m 1 ) * ψ + (f m 1 ) * η with this form, we see that the norm of dd c (f
for some constant c ǫ independent of η, m 0 , m 1 . The desired inequality then follows. This finishes the proof.
Let ϕ ∈ W 1,2 * ,f . Define ϕ + := max{ϕ, 0} an ϕ − := max{−ϕ, 0}. Consider a Lipschitz function χ : R → R. We have ∂(χ • ϕ) = (χ ′ • ϕ)∂ϕ. This can be seen by using a sequence of smooth functions converging to ϕ in W 1,2 . We deduce that
Consequently, χ • ϕ ∈ W 1,2 * ,f . In particular, by letting χ(t) := |t|, max{t, 0} or max{−t, 0} for t ∈ R, we obtain the following crucial property. We already know that the pushforward of a quasi-p.s.h. function by f is a weakly d.s.h. function. The following result, which explains the role of W 1,2 * in our study, gives a more precise description in the case of bounded quasi-p.s.h. functions.
Lemma 3.5. Every bounded quasi-p.s.h. function is in
for some constant c independent of ϕ.
Proof. Let ϕ be a bounded quasi-p.s.h. function and f : X → X a dominant meromorphic map. Using the identity 2i∂ϕ ∧∂ϕ = i∂∂ϕ 2 − 2ϕi∂∂ϕ we see that there exist a continuous (1, 1)-form η and an η-p.s.h. function ψ for which i∂ϕ ∧∂ϕ ≤ dd c ψ + η. Hence ϕ ∈ W 1,2 * ,f . Now let ϕ be an arbitrary element of W 1,2 * ,f . Let η and ψ be such that (3.2) holds. Fix an open Zariski dense subset Ω of X on which f * ϕ, (f m 1 ) * ψ, (f m 1 ) * η are well-defined functions or forms and π 1 is a unramified covering on f
for any compact K in Ω and some constant c independent of ϕ. Note that X\Ω is a proper analytic subset of X, hence, is of Hausdorff (2k − 1)-dimensional measure zero. On Ω, by the Cauchy-Schwarz inequality, we have
. By this and Lemma 3.1, we get f * ϕ ∈ W 1,2 . Thus, i∂(f * ϕ)∧ ∂(f * ϕ) has no mass on X\Ω. It follows that
because the last current is positive by Lemma 2.6. Combining this with (3.1) and (3.4) gives (3.3) . The desired assertion then follows. The proof is finished.
Let ϕ ∈ W 1,2 * ,f and m = (m 0 , m 1 ) a size representative of ϕ. Consider f * acting on Borel measurable functions. Recall that f * preserves the set of constant functions. As in the last section, let b 0 := X ϕdµ 0 , and ϕ 0 := ϕ − b 0 . We define two sequences ϕ n , b n as follows. Put 
Using (3.5), (3.1) and (3.3) gives
for n ≥ 1 and some possible different constant c ǫ . We are now in a situation very similar to that in the last section. Using similar arguments as in the last section, we can show that 
It follows that
for some constant c ǫ independent of ϕ. Clearly, if ϕ is a bounded quasi-p.s.h. function, b ′ ∞ is equal to the same number defined in the last section. Hence we have
1,2 * * ,f be the subset of W 1,2 * ,f consisting of functions which is continuous outside a closed pluripolar set. Observe that f * preserves W 1,2 * * ,f because f is a covering outside an analytic subset of X. We now claim that
Proof. The proof is similar to that of [14, Le. 5.5] . We recall here for the readers' convenience. We prove first that ϕ is µ f -integrable. We assume for the moment that ϕ ≥ 0. Let V be a closed pluripolar set such that ϕ is continuous outside V. Recall that µ f has no mass on pluripolar sets, hence, on V. Since d −n k (f n ) * ω k converges to µ f as positive measures and X\V is open, we get
and applying the last property shows that ϕ is µ f -integrable. If m = (m 0 , m 1 ) is a size representative of ϕ, then we also obtain that
for some constant c independent of ϕ. Now using
Observe that the first term in the right-hand side of the last inequality tends to 0 because of (3.6). On the other hand, by (3.8) and Lemma 3.6, the second term is bounded by
which tends to 0 as n → ∞. This yields the desired equality. The proof is finished.
Then there exists a constant c ǫ such that
where This combined with the interpolation inequality for functionals on the Banach spaces C 1 , C 0 gives the desired decay of correlation for µ f , see [14, p. 765] .
Note that the operator d −1 k f * can be extended to be a continuous linear operator on
. As above, in order to prove (3.10), we can assume that µ f , ϕ = 0. Using (3.9) gives
Consider now ϕ to be a bounded function in W 1,2 * * ,f . The set of these functions is dense in
which tends to 0 by the proof of Theorem 3.8. This combined with (3.11) gives (3.10).
The proof is finished. 
EXAMPLES
In this section, we present examples of holomorphic dynamical systems on non-Kähler manifolds. Some of them were already considered by Gromov [26] . 4.1. Hopf manifolds. Let H be the standard Hopf manifold (C k \{0})/{z ∼ λz}, for λ ∈ C * and k ≥ 2. Recall that the natural map p H :
is a fiber bundle whose fibers are C * /{t ∼ λt} which are compact Riemann surfaces of genus 2. Every holomorphic endomorphism f of H is induced by an endomorphism F of C k \{0} whose components are homogeneous polynomials of the same degreed. Hence f is open and of finite fibers. Clearly F induces naturally a holomorphic endomorphism f ′ of P k−1 and
Using this we get
where P n is the set of periodic points of period n of f. By [26] , the topological entropy
Let r be a strictly positive number. Let D(r,d) be the set of holomorphic maps F : C k \{0} → C k \{0} whose components are homogeneous polynomials of degreed for which
for z ∈ C k \{0}, where the norms are the Euclidean norms. Using
and (4.2), we infer that
for z ∈ C k \{0} and n ∈ N * . We can see that the map F 0 (z) := (zd 1 , . . . , zd k ) belongs to D(2k,d) because
We can construct easily some other examples. 
It follows that
Denote by I 1 , I 2 , I 3 the first, second and third integrals in the right-hand side of the last equality. Using Fubini's theorem gives where recall that the dynamical degree d q (f ′ ) of f ′ is equal tod q for 1 ≤ q ≤ k − 1. It remains to estimate I 3 . By (4.4),
Direct computations show that
by (4.3). It follows that
Taking the power 1/n in the last inequality and letting n → ∞ give The proof is finished.
Calabi-Eckmann manifolds.
Let α ∈ C\R. Let k, l be integers ≥ 2. The CalabiEckmann manifold X is defined by
where the equivalence relation ∼ is given by (z, w) ∼ (e t z, e αt w) for every t ∈ C. Recall that X is diffeomorphic to S 2k−1 × S 2l−1 and non-Kähler because H 2 (X) = {0}. For every homogeneous polynomials F (z), G(w) of the same degree, the self-map of (C k \{0}) × (C l \{0}) given by (z, w) → F (z), G(w) can descend to a self-map of X. It is likely that we can obtain a good class of self-maps of X with dominant topological degree as above.
4.3.
Nilmanifolds. Consider G a complex Lie group and Γ a closed complex Lie subgroup of G such that X := G/Γ is a compact non-Kähler manifold of dimension k. By [1] , nilmanifolds which are not tori are examples of such manifolds. For such X, every g ∈ G and every A ∈ Aut(G) preserving Γ, the affine transformation gA induces a holomoprhic automorphism on X. In the real setting, the dynamical systems associated to such maps possess interesting properies and has been studied extensively. We refer to [34, 25, 5] for informations.
4.4.
Blowups. Let X be a compact complex manifold. Let X be a compact manifold bimeromorphic to X via a map σ : X → X. Then given a meromorphic selfcorrespondence f on X, f σ := σ −1 • f • σ is a self-correspondence on X. We can take, for example, X to be a nilmanifold, a Hopf manifold or a Calabi-Eckmann manifold and X to be the blowup of X along a smooth submanifold V of X (a point for example). By a well-known example of Hironaka [29] , there exist a compact Kähler manifold X and a non-Kähler manifold X bimeromorphic to X. Such manifolds X are in the class C of Fujiki. Due to the lack of a Kähler form, we don't know whether the dynamical degrees of f and f σ are the same even for X Kähler.
